The possible existence of an eV-mass sterile neutrino, slightly mixing with ordinary active neutrinos, is not yet excluded by neutrino oscillation experiments. Assuming neutrinos to be Majorana particles, we explore the impact of such a sterile neutrino on the effective neutrino mass of neutrinoless double-beta decays m ee ≡ m 1 |V e1 | 2 e iρ + m 2 |V e2 | 2 + m 3 |V e3 | 2 e iσ + m 4 |V e4 | 2 e iω , where m i and V ei (for i = 1, 2, 3, 4) denote respectively the absolute masses and the first-row elements of the 4×4 neutrino flavor mixing matrix V , for which a full parametrization involves three Majorana-type CP-violating phases {ρ, σ, ω}. A zero effective neutrino mass | m ee | = 0 is possible no matter whether three active neutrinos take the normal or inverted mass ordering, and its implications for the parameter space are examined in great detail. In particular, given the best-fit values of m 4 ≈ 1.3 eV and |V e4 | 2 ≈ 0.019 from the latest global analysis of neutrino oscillation data, a three-dimensional view of | m ee | in the (m 1 , ρ)-plane is presented and further compared with that of the counterpart | m ee | in the absence of any sterile neutrino.
Although Ettore Majorana noticed already 80 years ago [1] that neutrinos might be Majorana fermions, which are their own antiparticles, it is still unknown whether they are indeed so. The most promising way to demonstrate the Majorana nature of neutrinos is to observe the neutrinoless double-beta (0νββ) decays of an even-even atomic nucleus, i.e., N (Z, A) → N (Z + 2, A) + 2e − , where Z and A are respectively the atomic and mass numbers [2] . Obviously, the 0νββ decays violate the lepton number by two units, and naturally happen when the electron (anti)neutrino flavor eigenstate is a linear superposition of three or more mass eigenstates of massive Majorana neutrinos [3, 4, 5, 6, 7, 8] . In this case, the 0νββ decay rate is proportional to the square of the modulus of the effective neutrino mass
in the scenario of three active neutrinos, where m i and U ei (for i = 1, 2, 3) are absolute neutrino masses and the first-row matrix elements of the mixing matrix U . If there exists an extra sterile neutrino of eV-mass, mixing slightly with active neutrinos, then the effective neutrino mass is
where m i and V ei (for i = 1, 2, 3, 4) denote absolute neutrino masses and the first-row elements of the 4×4 neutrino flavor mixing matrix V , respectively. Adopting the standard parametrization [9] , we can obtain |V e1 | = cos θ 14 cos θ 13 cos θ 12 , |V e2 | = cos θ 14 cos θ 13 sin θ 12 , |V e3 | = cos θ 14 sin θ 13 and |V e4 | = sin θ 14 , where θ ij (for ij = 12, 13, 14) are neutrino mixing angles, and moreover three Majorana CP-violating phases (ρ, σ, ω) are involved. In the limit of θ 14 → 0, when the sterile neutrino is completely decoupled from ordinary active neutrinos, one can immediately reduce the four-flavor mixing matrix V to the three-flavor mixing matrix U and recover m ee from m ee . The dependence of the 0νββ decays on the intrinsic properties of neutrinos can be perfectly described by the graphical representation of | m ee |. For example, the most popular way is to show | m ee | for different values of the lightest neutrino mass in a two-dimensional plot [10] . In the case of normal neutrino mass ordering (NMO), namely, m 1 < m 2 < m 3 , | m ee | develops a vanishingly small value in the range of 2 meV m 1 7 meV due to an intricate cancellation caused by the Majorana CP-violating phases [10, 11, 12] . In contrast, in the case of inverted neutrino mass ordering (IMO), i.e., m 3 < m 1 < m 2 , | m ee | can never be very small, and its lower bound | m ee | 15 meV could promisingly be covered by the next-generation 0νββ decay experiments in the foreseeable future [13, 14, 15, 16, 17, 18] .
More interestingly, it has been found that a three-dimensional plot of | m ee | with respect to ρ and m 1 in the NMO case reveals a bullet-like structure in the region where the cancellation occurs and can even lead to | m ee | = 0 [19, 20] . In particular, the authors of Ref. [20] have discovered that the surfaces of upper and lower limits of | m ee |, through varying the other Majorana CPviolating phase σ, have a contact point at (ρ = π, m 1 = 4 meV, | m ee | = 1 meV). It is suggested that | m * ee | = 1 meV may be regarded as a target value for the sensitivity of future experiments in case that NMO is verified by the forthcoming neutrino oscillation experiments [20] . This suggestion is justified by the fact that the probability for | m ee | to be lying below | m * ee | = 1 meV is tiny, given the latest neutrino oscillation data and the cosmological bound on neutrino masses [21, 22, 23, 24, 25] . For illustration, we have reproduced the three-dimensional graph of | m ee | in Fig. 1 , where both results for NMO and IMO are given.
In this short note, we follow the idea of Ref. [20] for the three-flavor mixing of active neutrinos and generalize it to the so-called 3 + 1 active-sterile neutrino mixing scenario, in which an extra sterile neutrino of eV-mass is introduced and it slightly mixes with three ordinary neutrinos.
The motivation for such a generalization is two-fold. First, an eV-mass sterile neutrino has recently received a lot of attention because of the tentative anomalies arising from the shortbaseline reactor neutrino experiments [26] . Although the combined analysis of Daya Bay, MINOS and Bugey-3 data [27] has excluded most of the parameter space of the mass-squared difference ∆m and sin 2 θ 14 = 0.019 is still allowed [28] . The existence of an eV-mass sterile neutrino has very important implications for the effective neutrino mass of 0νββ decays, which have been extensively discussed in the literature [29, 30, 31, 32, 33, 34] . Therefore, it is interesting to see how the fine structure of | m ee | observed in the three-flavor neutrino mixing scenario is modified in the presence of a sterile neutrino. Second, the analysis of m ee can be viewed as a representative example for new physics beyond the standard mechanism for the 0νββ decays. If the contributions from new physics are similar to those from light neutrinos, while the relevant nuclear matrix element is unchanged, they can be described by the additional term in the effective neutrino mass m ee [19] . In this sense, the conclusions for the case of eV-mass sterile neutrinos will be equally applicable to some other new physics scenarios.
First of all, let us summarize the main features of | m ee | in the three-flavor neutrino mixing case, and provide some new insights into the bullet-like structure appearing in the NMO case. Following Ref. [20] , we define the sum of the first two terms in m ee as m 12 cos 2 θ 13 , where
and the standard parametriztion |U e1 | = cos θ 13 cos θ 12 , |U e2 | = cos θ 13 sin θ 12 and |U e3 | = sin θ 13 have been used [9] . 
where the meaning of the subscripts "U" and "L" is self-evident and
Given two mixing angles sin 2 θ 12 = 0.321 and sin 2 θ 13 = 0.0216, and two neutrino mass-squared differences ∆m • As found in Ref. [20] achieved at m 12 = 0. However, after taking the absolute value, it becomes the local maximum of | m ee | L . Furthermore, the condition for | m ee | L = 0 is given by m 12 = m 3 tan 2 θ 13 , from which one can determine the closed curve at the bottom of the bullet in the (ρ, m 1 )-plane.
• In the lower panel of /dρ ∝ sin ρ = 0 and can be achieved at ρ = π. Unlike the NMO case, the condition m 1 ≈ 4.65 meV is no longer allowed in the IMO case. For instance, we have m 2 ≈ m 1 ≈ 50 meV even for m 3 = 0. Hence there will be no significant cancellation in | m ee | for IMO, as is well known [6] .
While | m ee | = 0 is impossible for three active neutrinos in the IMO case, as we shall show below, there is an interesting fine structure of | m ee | in the presence of a sterile neutrino even in the IMO case. In the NMO case, the fine structure will also be dramatically modified.
Then, we proceed with the effective neutrino mass m ee for 0νββ decays in the presence of an eV-mass sterile neutrino, which has been defined in Eq. (2) . In our discussions, we use only the best-fit values of ∆m 
where m 12 is given in Eq. (3), and derive the upper and lower bounds of | m ee | as follows
1 Note that m 123 can actually be identified as the effective neutrino mass m ee in the three-flavor neutrino mixing scenario. The global-fit results of the mixing parameters are in general different for three-flavor and fourflavor mixing scenarios, but here we take the same input values just for illustration. 
As before, it is straightforward to observe that the upper and lower bounds correspond to the phase difference between m 123 cos 2 θ 14 and m 4 sin 2 θ 14 e iω being 0 and ±π, respectively. In Fig. 2 In a similar way, we can derive the maximum m 
Hence the curve for | m ee | = 0 appears within 25.8 meV m 1 72.1 meV and 0 ≤ ρ ≤ 2π.
Moreover, it is also interesting to point out that | m ee | U and | m ee | L have a contact point, which is very much similar to the case of three-flavor mixing. Looking at Eq. (7), one can
With the help of Eq. (8), requiring m 123 = 0, we get two familiar conditions α 12 = σ ± π and m 12 = m 3 tan 2 θ 13 , which are the same for | m ee | = 0 for the standard case of three-flavor mixing and have been extensively discussed in Refs. [19, 20, 21] . Therefore, the location of the contact point in the (ρ, m 1 )-plane depends on the exact value of σ. When σ is varying from 0 to 2π, the corresponding (ρ, m 1 ) coordinates of the contact point are moving along the closed curve determined by | m ee | = 0.
• The IMO Case -Note that the upper and lower bounds of | m ee | are quite similar for the whole range of m 3 0.1 eV. As a consequence, the equalities in Eqs. (9) and (10) 
which turns out to be comparable to |∆m Although the above analysis is approximate to some extent and has been performed for given values of ∆m 2 41 and sin 2 θ 14 , it serves as a typical example to understand the main features of the effective neutrino mass m ee for 0νββ decays in the presence of a sterile neutrino.
Finally, we give some remarks on the 0νββ decays and summarize our main conclusions. Let us tentatively assume that there is no new physics beyond the standard model other than three massive neutrinos, which are required to be responsible for neutrino oscillations. Then, it would be perfect that the future neutrino oscillation experiments tell us that neutrino mass ordering is inverted, while the next-generation experiments observe 0νββ decays with a half-life implied by an effective neutrino mass in the right region. In such an optimistic case, we will definitely know that neutrinos are Majorana particles [35, 36, 37] . On the other hand, if the 0νββ decays are not observed, neutrinos should be Dirac particles. However, if we allow new physics to contribute to 0νββ decays, e.g., an eV-mass sterile neutrino mixing with active neutrinos, neutrinos can be Majorana particles even in the case where IMO is true and 0νββ decays are absent.
In the present short note, we have explored the impact of a sterile neutrino on the effective neutrino mass m ee . Taking the current best-fit values of ∆m 2 41 = 1.7 eV 2 and sin 2 θ 14 = 0.019, we find that the contributions from the sterile neutrino are comparable to those from active neutrinos in both NMO and IMO cases, implying an intriguing interplay between them. The conditions for | m ee | = 0 and the fine structures in this region, which are quite different from the standard case, are studied analytically and illustrated in three-dimensional plots as well. Our results will be helpful in understanding the possible effects on 0νββ decays from sterile neutrinos or some other new physics. As the very short baseline neutrino oscillation experiments will hopefully make a final verdict on the existence of sterile neutrinos soon, the outcomes of future 0νββ decay experiments are crucially important for probing the intrinsic properties of massive neutrinos, such as the Majorana nature and the Majorana CP-violating phases.
